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Abstract

Neutrosophic set theory plays an important role in dealing with the impreciseness and inconsistency in data encountered
in solving real-life problems. The cutrent paper focuses on the Neutrosophic Fuzzy Multi-Objective Linear Programming
Problem (NFMOLPP), where the coefficients of the objective functions, constraints and right-hand side parameters are
single-valued trapezoidal Neutrosophic Numbers (NNs). From the viewpoint of complexity of the problem, a ranking
function of NNs is proposed to convert the problem into equivalent MOLPPs with crisp parameters. Then suitable
membership functions for each objective are formulated using their lowest and highest value. With the aim of linear
programming techniques, a compromise optimal solution of NFMOLPP is obtained. The main advantage of the
proposed approach is that it obtains a compromise solution by optimizing truth-membership, indeterminacy-
membership, and falsity-membership functions, simultaneously. Finally, a transportation problem is introduced as an
application to illustrate the utility and practicality of the approach.

Keywords: Multiobjective programming problem, Neutrosophic set, Single valued trapezoidal, Neutrosophic numbet,
Indeterminacy membership functions.
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A major disadvantage of fuzzy sets is its inability to efficiently represent imprecise and inconsistent
information as it considers only the truth membership function [29]. Intuitionistic fuzzy set is a
modification of fuzzy sets, which considered both the truth and falsity membership functions [4]. But it
still had some drawbacks in depicting human-like decision making. In the last decade, a large number of
studies on fuzzy and Intuitionistic fuzzy multi-objective optimization techniques have been presented.
Among these studies, we can mention the works of Mahajan and Gupta [18], Borovicka [6], Ahmadini
and Ahmad [3], Yu et al. [20], and Rizk-allah et al. [20].

In 1998, a new type of sets called the neutrosophic set was introduced by Smarandache [22] to deal with
decision making problems which involved incomplete, inconsistent and indeterminate information.
Here indeterminacy is considered as an independent factor, which has a major contribution in decision
making. Neutrosophic set helps in human-like decision making by considering truth, falsity and
indeterminacy membership functions.

Ye et al. [24] presented some new operations of NNs to make them suitable for engineering applications.
They proposed a neutrosophic function involving NNs. Then, they used it to solve neutrosophic linear
programming problems [24], [25]. Ye et al. [23] analysed joint roughness coefficient taking the help of
NN functions. NN generalized weighted power averaging operator formulated by Liu and Liu [17] and
it is applied to multi-attribute group decision making in NN environment. Maiti et al. [19] proposed a
goal programming strategy to solve multi-level Multi-Objective Linear Programming Problem (MOLPP)
with NNs.

Recently, Deli and Subas [10] suggested a novel ranking method for single-valued NN and they applied
it to multi-criteria decision-making problems. Ahmad et al. [1] discussed the energy-food-water nexus
security management through neutrosophic modeling and optimizing approaches. Also, they presented
a study on supplier selection problem with Type-2 fuzzy parameters and solved it using an interactive
neutrosophic optimization algorithm [2]. Wang et al. [28] proposed a novel method to solve
multiobjective linear programming problems with triangular NN. Kumar Das et al. [8] presented a novel
lexicographical-based method for linear programming problems with trapezoidal NN. Their method
uses a lexicographical order.

As a special instance of linear programming problems, many authors focused on solving transportation
problems in fuzzy environment, such as the multi-objective case [11], [14], the case with fractional
objectives [13], [10], the inverse version [12], the problem with heptagonal and pentagonal fuzzy
numbers [9], [15], and the problem with fuzzy variables [7].

This paper attempts to formulate and to solve the multiobjective linear programming problem with
Single-Valued Trapezoidal Neutrosophic (SVIN) parameters. This problem has mixed constraints, in
which the coefficients of objectives, the coefficients of constraints and right-hand sides of constraints
are SVITN numbers. A new method to find a compromise optimal solution of NFMOLP problem is
proposed. In the proposed method, the accuracy function is used to transfer the NFMOLPP into
equivalent crisp MOLPP. Finally, we apply the approach for a transportation problem to show its utility

and performance.

The rest of this paper is organized as follows: In Section 2 basic concepts and algebra operations of NN
are reviewed. Section 3 deals with modelling multiobjective linear programming problems with
neutrosophic fuzzy parameters. In Section 4, a solution method for obtaining a compromise solution of
NFMOLPP is introduced. In Section 5, the entire solution procedure is summarized in the form of an
algorithm. In Section 6 a transportation problem as an application is presented. Finally, some concluding
remarks are reported in Section 7.
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2 | Preliminaries

In this section, some basic concepts and definitions on neutrosophic sets and single-valued trapezoidal
NN are reviewed from the literature.

Definition 1 ([13]). Let X be a nonempty set. A neutrosophic set (NS) AV is defined as
AN = {(xTa %), 14 %), FA(9),x €X]},Ta %), 1 x),Fa %) €107,1°[}.

Whete T4 x),14 x) and F 4(x) are called truth-membership function, indeterminacy-membership function
and falsity-membership function, respectively, and there is no restriction on the summation of them, so
00<Thpx)+ I, x)+F4 x) <3%, and ]07,1*[ is non-standard unit intetval.

Since it is difficult to apply NSs to practical problems, Wang et al. [27] introduced the concept of a Single
Valued Neutrosophic Set (SVNS), which is an instance of a NS and can be used in real scientific and
engineering applications.

Definition 2. Let T,,1,,F, €[01], then a Single-Valued Trapezoidal Neutrosophic Number (SVINN)
aN = (ay,ay,as,a,); T, 1, F,)is a special NS on the real numbers R, whose truth, indeterminacy and
falsity membership functions are given as follows:

X— aj
Ta( ), a; <x <ay,

a — aq
T ar<x <a
Ha X) — as 3 2 = = d3,
X dy
Ta ’ az <X < ay,
ag— az
0, oherwise.
a, —x+I,(x—ap)
, a; <x <ay,
ap — ap
A, X) = I, a; <x <as,
a x—az+I,(ag —x)
3 a\d4
, az <X < ay,
as— as
1, oherwise.
a, —-x+F,(x—ay)
, a; <x <ay,
ap — ap
F a,<x <a
Vv, X) — ars 2 = = a3,

x —az+ Fy(ag —x)

, az <X < ay,
dq — as

1, oherwise,

where, T,, I, and F, are the maximum truth, minimum indeterminacy, and minimum falsity membership

degrees, respectively.

Definition 3. Let @V = ((aq, ay, as, au); Tz la Fg) and BN = ((by, by, b3, by); T5, 15, F5) be two
arbitrary SVINNs and ¥ # 0 be any real number, then

1. ﬂN+ bN=<ﬂl+b1,ﬂ2+b2,ﬂ3+b3,a4+b4); Tu /\Tbllu \/Ib,Fa \/‘Fb>

L aN — 6N = (ay~by,a, by, a5~ by, a5~ b); T, ATy, I, /I, Fs VFp).

L yad = {< yay,y ay, yas, yay); To 1o, F), ¥ >0,
( yay yas, yay, yay); T, 1, Fy), v < 0.

Definition 4. Let aV = ( ay, a,, a3, a,); T,,1,,F,) be a SVINN. Then, the score function S(aN) and

accuracy function A(aV) of a SVINN are respectively defined as follows:



L. S(aN) =L+ ap+oay+ a4)(T,Z +1-1)+ l—Fg)).
IL A(N)= Laj+ ay+ ay+ a,)(T, + 1-1)— 1-F,)).

16

Definition 5. Suppose aV = ( ay, ay, as, a5); T, 1, F,) and BN = ( by, by, bs, by); T, 1, F,) be any two
SVTNNS. Then, we define a ranking method as follows:

L 1£S(aV) > S(bV) then aV > V.
IL 1f S(aV) = S(bV) and if A(a") > A(PY) then a¥ > BN, A(aN) < A(BN) then oV < bV, A(aV) =
A(bN ) then a = bV,

Theorem 1. Letg: $ — R,5 € R” be a real valued function. If g is a convex function, then {x : g(x) <
c,Vc € R} is a convex set and if g is a concave function, then {x : g(x) > ¢, V¢ € R} is a convex set.

3 | Problem Formulation

The general form of a MOLPP with k objectives can be described as follows:

min  Z x)=[Zy x),Z, x), ..., Z, x)],
n

s. t. E ainj > bi/ i= 1,2, .., My,
j=1

n
Z a~]~x]~ < bi/ i= miq +1, miq +2, ., My, (1)
j=1
n
Z a']'X]‘ = bi/ i= my +1, my +2, .., m,
j=1
Xj 2 0, j=1,2,..,n,

whete Z; x) = Y4 Ckj x,-,k =1,2,--,r is the k-th objective function.

Definition 6. Let S be the set of all feasible solutions for Eg. (7). A point x* is said to be an efficient or
Pareto optimal solution of Eg. (7) if there does not exist any x € S such that, Z;(x") > Z,(x) for every
k, and Z;(x*) > Z(x) for at least one k.

If all the parameters of Problens (1) are uncertain, and they can be represented by SVINNSs, then Problem
(1) becomes a Neutrosophic Fuzzy Multi-Objective Linear Programming Problem (NFMOLPP) as
follows:

min ZN x) = [Zﬁ\I x),ZgI X), ..., ZN x)],
n

s. t. E a}j\lxj > bll\I/ i= 1/ 2/ .., My,
j=1
n
N N :
E ainijir i=m;+1, m;+2,..,my, @)
j=1
n
E a%\lxj:bli\ll i= m2+1, m2+2,...,m,
j=1

xi>0, j=12,..,n,

where Z]ICV = ?:1(5](]')1\] x]',k = 1, 2, o, T

Using accuracy function which is linear, Problen (2) is converted into the following crisp MOLPP:
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min 7’ x) =[Z1 X),Z5 X), ..., Z} X)],
n
s.t. E ai’jxj >b;, i=1,2,..,my
i=1
n
Z ai'jxj <bj, i=m;+1 m;+2..,my 3)
i=1

-

apx; =bj, i=mp+1, my+2,..,m,

1) )
=1
xj>0, j=12,.,n

Where Zi(x) = A(Z) %)) = T A((cg)V)x;, Yhk=1,2,..,7 b = ABY) and aj= A(a}) for all i=

1,..,mj=1,..,n
Theorem 2 ([21]). An efficient solution for crisp MOPP (3) is an efficient solution for NFMOLPP (2).

Thus, solving the NFMOLPP Mode/ (2) is equivalent to solving the crisp MOLPP Mode/ (3).
4 | Solution Method

In this section, we restrict our attention to NFMOLPP and present an approach to solve it.

By using the definition of the fuzzy decision proposed by Bellman and Zadeh [5], we can characterize the

fuzzy decision set D as follows:
D=7ZnC,

where Z and C are fuzzy goals and fuzzy constraints, respectively.

In a similar manner, we also introduce the neutrosophic decision set DV, which consider neutrosophic

goals and constraints as follows:
T m
DN = (ﬂ zk) N (ﬂ Ci).
k=1 i=1
Whete
HpN X) = minlpz1 X)y e s Mzpr UGy s e s By, ¥ X € XI,
ApN X) = maxl)\zl X), s Az, Acy, v Ao, ¥ X € x],
VPN X) = max{vz1 X), e 1 VZVCys o VCy ¥ X E X},
are the truth, indeterminacy and the falsity membership functions of neutrosophic decision set DV,

respectively.

In the sequal, we solve the multi-objective programming problem by considering one objective function
at a time and ignoring the others. Then, we find minimum and maximum values of each objective function.
Let L be the minimum value and U} be the maximum value of Z;, i.e.,

Uy =max [Zyx X)] and Ly =min [Zy x)] VYk=1,2,..,r. @
The bounds for the k-th objective function under the neutrosophic environment can be obtained as
follows:

UE =Uy, Ull( =L, for truth membership, (5)

Ul = UE +5,, L} = Li, for indeterminacy membership, (©)

Uy = Ult[ , L= Li + ty, for falsity membership, ()



where sy, t, € (0,1) are predetermined real numbers prescribed by decision-makers. For each objective
function, consider truth membership function pi(Z; x)), indeterminacy membership function A (Z; x))
and falsity membership function vi(Z; x)) as the following functions:

1, Zyx) < L,
U“—Z X)
Hk(zk X)) = SE—EE , LESZk x)<UE, (8)
0, Z,x) > UL
0, Zk X) < L‘i( ’
LA
?\k(Zk X)) - % Li<z, 0)<U}, )
1/ Zk X) > UE
(0, Zix) < LY,
V7 -1y v N
vi(Zi %)) :1 T Ly<7y 0<U}, (10)
L1 Zy X) > UK

Since, decision maker wants to maximize the range of acceptance and to minimize the range of rejection,
we are looking for a solution with the maximum degree of membership and the minimum degree of
nonmembership.

In this regard, according to the concept of fuzzy decision set [5], an optimal compromise solution can
be selected as the design for which it maximizes the minimum truth degree (acceptance) and minimize
the maximum indeterminacy (rejection up to some extent) and a falsity (rejection) degree by taking all
objectives, simultaneously. Therefore, according to the fuzzy decision of Belman and Zadeh [16], we

have to solve the following multiobjective programming problem:

Maximize (min{p1<Zl x)), .y pr(Zr X))})r
Minimize (max{A; (21 x)), - ?\r<Zr X))})f

Minimize (max{v1<21 x)), ...,vr<Zr x))}), "
s.t. all the constraints of 3).
Suppose that @ = gznr yk(Zk x)), p= kTﬁc,r /\k(Zk x)) and y = kin’am)’cr vi(Zy x)).
Therefore, Problens (17) can be rewritten in the form of
Maximize «,
Minimize B,
Minimize v,
s.t. pk(Zk x)) >« k=1,..,r,
M(Zk ) < B, k=1,..,1, (12)
vk(Zk x)) <v, k=1,..,r,
a=>p, a2y, a+P+y<3,

o, B,y € 01).
All the constraints of Egq. (3).

Using the weighted sum method and by setting the Relations (§), (10) and (9), the Problem (12) can be
formed into the following equivalent problem:

Max wia—wjp p—-wsy,

st Zex)+(Uf -L)a<Uf, k=11

Zix) - (U -Lap <Ly, k=1,..1, (13)
Zyx)—- Ug-Lyy <Ly, k=1,.,r

a>p, a=y, a+p+y<3, a, B,y € 01).
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All the constraints of Eq. (3).

Theotem 3. If (f, a,B, )7) is a unique optimal solution of Problen: (13), then (2, a,pB, ;7) is an efficient solution
tor Problem (3).

Proof: On contrary, suppose that (E, a,B, f) is not an efficient solution for Problens (3). Then, there exists a

feasible solution x* # X to Problem (3), such that Z; x*) < Zi(X) forallk =1, ..,7 and Z; x*) < Z(X) for at

Zx LY Zy %)-L

' Zp x)-LY  Zp X)L
least one k. Therefore, kforall k=1,..,7r and 2k e 2Dk for at least one k. Thus,

gLy T gLy ug-Ly Ug-Ly
Zk x*)—L% Zk f)—LZ Zk X*)—LZ ~ . .1 . *
mlizx( T < (<) mzzx( T ). Let y* = m}ftx( T ) then y* < <)y. Similiatly, consider that Let g =
o A
Zk X )—L
max(=———=%) then p* < <)B.
o up-Lg
bz Uf-7 %) uf-z s U2 %)
In the same manner, we have >————forallk=1,..,r and > for at least one k.
> UL 2 UPLE U UL
k "k k Tk k "k k Tk
ut-z, x* ut-z; x ut-z; x*)
. k %k . k %k . _ . k %k . . ~ ~ . " .
Hence, mm( T )2 >)min(——r). Let a" = min(————) this gives (a—ﬂ—y) <(ax'=-p"—=vy)
K\ uf-Lf ko oul-Lf ko oub-Lt

which means that the solution is not unique optimal. This contradicts the fact that (Q, a,B, )7) is the unique

optimal solution of Eg. (73). Hence, it is an efficient solution of Eg. (3).
5 | Compromise Solution Algorithm for NFMOLPP

In this section, we summarize the compromise solution procedure developed in Section 4 as the following
algorithm.

Step 1. Formulate the NFMOLPP as given in Problem (1).
Step 2. Transform the NFMOLPP into crisp MOLPP as given in Problens (3) by the accuracy function.

Step 3. Find an optimal solution of each single objective LPP and determine the upper and lower bounds
by using Eg. (4).

Step 4. Using Uy and Ly, obtain the upper and lower bounds for truth, indeterminacy and falsity member-
ship function as given in Egs. (5)-(7).

Step 5. Use linear membership functions as given in Egs. (9)-(70) and transform the optimization Problem
(12) to crisp programming model as in Eq. (73).

Step 6. Solve crisp programming Problen (13) using suitable techniques or software packages.
6 | Numerical Example

To illustrate the application of the proposed approach for a real-life transportation problem, the following
numerical example is considered. Since, the parameters of transportation problem vary due to various
uncertain situation like weather condition, traffic condition, petroleum price, the crisp value of parameters
cannot deal the situation propetly. To address this situation, we express parameters by SVITNNSs.

Example 1. Consider a transportation problem in which we have two objectives with 2 sources and 3
destinations. The cost of transportation per vehicle is denoted by C) appeared in the first objective and

amount of carbon dioxide (CO,) emission per vehicle CY is appeared in the second objective. The



neutrosophic fuzzy parameters related to this example are summarized in Table 1. The supply of two

origins and the demand of three destinations are all SVIN numbers given as follows:

Table 1. Neutrospphic fuzzy parameters for c] N if and ;s )N.

N = ((20,30, 40, 50); 0.8, 0.3, 0.6) cg)N_<(45,55,65,75);0.8,0.5,0.3)
c{?N ((50,60,70,80);0.6,0.4,03)  c ™ = ((55,65,90,105);0.7,0.4,0.5)

c13 = ((80,90,110,120);0.7,0.2,0.5) )™ = ((30,40,60,70);0.9,0.5,0.3)
N = ((8,12,14,18);0.7,0.4,03) N = ((25,35,40,50);0.9,0.2,0.4)

PN = ((30,40,45,55);0.8,0.2,0.6) 2N =((11,16,20,25);0.6,0.3,0.5)

(Z)N = ((18,24,30,36);0.6,02,0.5) 2N = ((18,26,32,40);0.7,0.3,0.4)

alN = ( 60,80,100,120);0.8,0.3,0.4), ad = ( 45,65,85,105);0.7,0.3,0.5),
bY = ( 35,55,75,95);0.6,0.2,0.5), bY = ( 20,30,40,50);0.9,0.4,0.6),
= ( 50,60, 70, 80); 0.6,0.2,0.7).

Now, the mathematical formulation of the problem can be stated as follows:

min Zl = Z E 1]/
i=1 ] 1
min Zé\l = Z Z Cij Xij/
i=1 ji=1
3 _ (14)
s.t 2 Xj<ay, i= 1,2,
j=1

2
E . Xij > b], ] = 1,2,3,
i=1

xj; 20 Vi=12&j=123.
Using the notion of accuracy Function (4), the crisp version of Problem (14) can be stated as follows:

min Zi =27.125 X11 + 40.625X12 + 75X13 + 45X21 + 55.125X22 + 37.5X23,
min Zé =91 X171 + 34 X1 + 19.575 X13 + 31.875 Xo1 + 12.66 Xoo + 21.75 X3,
s.t X11 + X12 + X153 < 65.25,

Xp1 + Xpp + Xp3 < 54.375,

X11 + Xp1 = 47.125,

X1p + Xpp > 27.125,

X13 + Xp3 = 50.375,

xi 20 Yi=12&j=1,23

(15)

The above problem is solved by taking only one objective function and neglecting the others. The

solution sets are obtained as follows:

7, = 4212.281,

X11 = 47125, X12 = 18125, X13 = 0, Xp1 = O, Xopp = 9, Xo3 = 45.375.
2, = 1718.097,

X11 = 4:7].25, X12 = 0, X13 = 18125, Xp1 = 0, Xpp = 27125, Xp3 = 27.25.

For each objective, the best and worst values are given as:
U, =5154.781, L;=4212.281, and U, =2145.394, L, =1718.097.

After constructing Problem (13) using linear membership functions defined in Relations (8)-(10) and

considering w; = W, = Wy = %, we solved it by Lingo software, the following solution is obtained:
a=0.541, p=0.495 y =0.499,
X11 = 47.125, X1 = 7172, X13 = 10.843,
Xo1 = 0, Xpp = 14.843, Xo3 = 39.532.
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7 | Conclusion

In this paper an effective modeling and optimization framework for the NFMOLPP is presented, where
the coefficients of the objective functions, constraints and right-hand side parameters are single-valued
trapezoidal NN. In the proposed method, a ranking function of NN is used to convert the NFMOLPP
into an equivalent crisp MOLPP. Then, using the best and worst values of objectives, an appropriate
membership function for each objective function is defined to avoid decision deadlock situation in
hierarchical structure. In this regard, according to the concept of fuzzy decision set, an optimal compromise
solution is selected as the design which it maximizes the degree of acceptance and minimizes the degree
of rejection upto some extent and rejection degree by taking all objectives simultaneously. The proposed
approach can be used to solve real-world problems arising in industries and business organizations with
imprecise and contradictory information. Finally, a transportation problem has been discussed to show the

applicability of proposed approach.
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