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stability analysis of numerical solutions is also discussed. The method is

L(eyworlchz. o Diffus applied in several examples and the accuracy of the method is tested in terms
ractional Advection-Diffusion. of L, error norm. Furthermore, the numerical results have been compared
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1. Introduction

Fractional calculus is a useful mathematical tool for applied sciences. The fractional advection—
diffusion equations provide an adequate and accurate description of the movement of solute in an
aquifer. However, there are major obstacles that restrict their applications. From a modeling viewpoint,
the fractional advection diffusion equation has been presented as a more suitable model for many
problems that appear in different fields, such as engineering, physics, chemistry and hydrology.

Fractional differential equation are generalizations of classical differential equations of integer order
that have recently proved to be valuable tools for the modelling of many physical phenomena and have
been the focus of many studies due to their frequent appearances in various applications, such as
physics, biology, finance and fractional dynamics, engineering, signal processing, and control theory
[15].
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The fractional advection diffusion equation was given by

ux,t) _ v ou(x,t) N D(a“u(x,t) N 6“u(x,t)], 1)

ot OX ox* o(—x)*

Where  is the concentration,V is the average velocity, X is the spatial coordinate, t is the time, D is
the diffusion coefficient, , is the order of the fractional differentiation with 1<a <2. The fractional
advection diffusion equation was later generalized by Benson et al. [16] to include the parameter §,
given by

ou(x,t) Y ou(x,t) . D[L’Ej o“u(x,1) (E_Ej o“u(x,1)

Sl ALy
ot ox 2 2) ox° 2 2) o(-x)" @)

for-1< <0, the transition probability is skewed backward, while for0 < g <1 the transition probability
is skewed forward. For g =0, we obtain the model presented in [17], which can be expressed as follows

ou(x,t) _ ou(x,t)

ot

-V

Veu(x,t) + p(x,t) (3)

where the fractional operator is given by

vPu(x,t) :[LEJ M{E_E] o“ux,t. @
2 2) ox* 2 2) o(-x)"

with initial condition
u(x,0)=f(x),xeR

The Riemann-Liouville fractional derivatives of order a, for x e [a,b],—~o<a<b <, are defined by

o%u 1 o" §

)= o %;[u(g,t)(x —E)"eldg, n—1<o<n. (5)
o*u G G  mmagg o .
a0 XV T —w) a Iu(é’;, (E—x)""dg,n-1<a<n. (6)

A meshless method of Eq. (1) has been discussed by Mardani et al. [1] and Tayebi et al. [2]. A functional
variable method is given in Aminikhah et al. [4]. An first integral method for the solution of fractional
differential equations is given in [5]. Lattice Boltzmann method [3]. And finite element methods for
linear and nonlinear diffusion problems [7], [8], [9], [12], [13], and [14]. In this paper, by using a Lax—
Wendroff-type time discretization procedure, we develop an explicit numerical method which is second
order in time and space for fractional advection diffusion problems with source terms in unbounded and
bounded domains with homogeneous boundary conditions. Since the numerical method is explicit, it is
a more cost-effective method than the implicit schemes. Additionally, explicit methods are better tools
for problems wherein advection plays an important role. The classical Lax—Wendroff method was
derived for hyperbolic equations [18] and afterwards was extended for advection diffusion equations.
This method uses a small stencil in time and also uses the original differential equation extensively, that
is, the discretization procedure converts time derivatives in space derivatives. The layout of this paper
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is as follows. In Section 2, we will illustrate construction of the scheme and in Section 3 we describe
the numerical method. In Section 4, we study the stability analysis. In the Section 5, we will prove the
convergence of difference scheme analysis. The Section 6 includes some numerical tests which confirm
the fourth-order convergence of the numerical method. A summary is given at the end of the paper in
Section 7.

2. Construction of the Scheme

we present a new numerical approximation that this approximation is fourth-order accurate. Consider
first the left derivative, that is,
o*u 1 o* 7

éﬂau;y:r@_aﬂ§7£u@¢xx—@kw@1<a<z (7)

We define the mesh points x i= jAx, j € Z where h=Axdenotes the uniform space step. For a fixed

timet, let us denote

1,00 = [uE tx-g)de, (®)
First, we do the following approximation at X,

a_ZI (X) ~ _Iu (Xj+2) +16Ia (Xj+1) B 301(1 (Xj) +16Ia (Xj—l) - Ioc (Xjfz) (9)

ox? 12h? ’
and i,(x) defined by

i, (%) = | 5,.1(E)(x;,, —&)dg, (10)
The spline s;,,(&)interpolates the points {(X,,t):k < j+1}and is of the form [15]

j+l
SM(&) = Z U(Xklt)sjﬂ,k ). (1 1)

k=—0

In each interval [x, ,,x,] for k < j+1we have
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5~ X2
— K2 x, ,<E<X
_ k-2 k-1
XK1 k-2
S Xk
o x, . k1 =5=X
k “k-1
s (@=1  &-x : (12)
j+Lk k
. kS55%n
k+1 "k
X1~ 5
X _x X1 <55 Xk42
k+2 “k+1
0 otherwise
And fork=j+1,
—X.
g Xj < E_> < Xj+1
Sivjer = Xjrz = Xjua . (13)
0 otherwise
From Egs. (10) and (11), we have
j+1 Xis2
i, (1) = 2 U060 [ 8, ()0, —&)de (14)
k=—0 Xi_2
Therefore,
Xkz2 » X1 -X, » X -X, »
I e A N e
;(::ED X X:kz_zx & " AXZ*O{ (1 5)
K (X, —E) e+ | 2 (x, &) A= ————a
;[ h ( j+1 E.') (: Xz!‘l h ( j+1 Z_:) E_: (2 _ OL)(3 _ (l) j+Lk
Where
~(j—k-2)**+16(j—-k-1)**-30(j—K)** +16(j—k +1)** — (j—k+2)** J
k=11 . (16)
k=j+1
Therefore,
) AXZ*OL j+1
Iu(Xj+1)= z u(xk't)aj+1,k' (17)

(2-a)B-a)
2
. - a - -
And an approximation for yld(xj‘f'l)' is given by

=1, (X;,,) +161, (x;,,) =301, (X;) + 161, (x; ;) — 1, (X, ;)
12h? '
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That is
j+2 j+l i
o D ux,.tay,,, +16 z u(X, ag,,, —30 D" u(x,,ta;, +
k=—x k=—w k=—x
122-a)(3-a)|, = ' (18)
162 U(Xk,t)aJ 1k Z U(ant)aj,z,k
k=—o0 k=—0

We assume there are approximation U] to the values y( x,.t,), where t =n4t,n>0 and we define the
fractional operator as

j+2

8.Uj = 12r(4_ Z a5, Y (19)
Where

Ok =, +16a;,, —30a;, +16a;,,, —a;,, k<j-2

Ojj1="8},2,,+16a;,;, 30 a,;,+16a,

d;; =—2;,,; +16a;,;,—30a,; (20)

Qo = iz 71625, 1

Qjj2 = 72 ji2-

n

Therefore, an approximation of Eq. (7) can be given b

Eg. (19) as
SGU? lzr(4 (X) Z qJJ m J m? (21)
we define,
_J=(m+2)* +16(m+1)*“ —30(mM)** +16(m -1)** —(m-2)** m=2
m 1 m= 0 (22)
And
-a,.,+16a, ., —30a, +16a, ,—-a,, mM=2
—a, +16a, —30a, +16a, m=1
g =18, +16a, —30a, m=0 , (23)
-a, +16a, m=-1
-4, m=-2
we have
.Ul =— 3 qU! (24)
Tl r(d-o) e ™

And similarly in the interval [x,o0)
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AV —— (25)
2ré-o) =,

3. Numerical Method

To derive a finite difference scheme, we suppose there are approximations yn =u?. to the values

u(x;,t, ) at the mesh points x; = jax,h =A%, je Z andt, =n4t,n>0.

V At
We assume s=—— and u :—AtD ,
24X AX?

we expand U about time level, that is, t =nAt to obtain

At? 92U

ou 3
u(x,t, ) —u(xt,) = Atat( t)+— > —(x,t,) +O(At®). (26)

Then, from Eq. (26) we have

ou o%u ou
—(x t)= —V(x,t)axat(x,t)+d(x,t)Vﬁ(E(x,t)j+pt(x,t). 27)
And
i(x t) ~ V3(X, t) (x t) —V(X,1)p, (X, t) +p, (X, t). (28)
Inserting Eqgs.(3) and (29) into Eq.(26) gives
u(x,tn+l)zu(x,tn)+At( V(X, t) (x t,)+d(x, t)Viu(x,t,) +p(x,t ))+
29
Azt (VZ(X £ 7Y (x,t,) ~ V(x Hp, (x, 1) +p, (%, t)] (9
Therefore,
u(x,tml)zu(x,tn)—V(x,t)Ata—u(x,tn)+Atd(x,t)V§u(x,tn)+
(30)

Athvz(x t)— (x )+At(p (X, t)+—( V(x,t)p, (X, 1) +p, (X, t)))

We define the following operators,
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-u", +8U", -8U", + U’
%(X,tn) =12 M1 T2 L o(AxY),
oX 12h 31)
2 -U?, +16U7, —30U"7 +16U" , — U’
a—l;'(x,tn) =— e —— 12 4 o(Axh).
OX 12h
And the fractional operator
dpu(x,t,) =(%+%)6au(x,tn)+[%—%j6;u(x,tn). (32)
We introduce the following notations
3U7 =-U", +8U7, —8U7, + U7, (33)
8°U7 =-U%,, +16U7,, —30U] +16U7, — U] ,.
We obtain
At -U7,+8U7, -8U], +U}, UI™-U]
A" —p" __V ,t j+2 j+1 j1 j-2 j ] .
P p’+2( (.9 12h A J
Where
pj =p(x;.t,). (34)
Therefore, from Eq. (30) we have
n+1 n S n oy |n 1 22 n =N ‘
Uj =Uj—€6Uj+u5BUj+gsESUj+Atpj. (35)
4. Stability
If Ujis the exact solution U(X;.t, ), let U] be a perturbation of U] . The perturbation error
n_n n
e, =U; -uj,
will be propagated forward in time according to the equation
N+ n S n aAn 1 n -
el =e] —ESej +pde] +g5282ej. (36)
Theorem 1. For 5 =0, the numerical method is von Neumann stable if, and only if,
B B (cos0+1)(q, +8,) + (0, + Q) <= (37)
3 120 (4 — o) - 24T (4—a) 12

Proof. We have
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2
G(6) :1+%i(—4sin2 0+16sin0) +%(—4cosz 0+32c0s0 - 30) +

“ o0
s — cos(mo).
24T (4 — a) m;q”‘ (mé)

That is

2

2 o
IG(O)[ = [1+ % (—4cos® 0+ 32cos0 —30) + m > q,, cos(mo)
- m=-2

—{%(—4sin2 0+16sin e)]2
if we have Condition (37) then|g(o)| <1, for all 0. We have that

i g,,cos(mb)<(q,+q,)cos20+ (g, +q,)cos6+0q, + iqm =
——2 m=3

2(q_, +9,)(cos’ 6-1) +(q_, +0,)(cosO-1).

Therefore,
SZ 2 IJ' 2 ’
i 1-—(2cos 9—160039+15)+m(cos 0-1)(q,+0,)+
IG(O)[ <
—————(cos6-1
Py S0 D@ +a)
2
—{%(—4sin29+163in9)} .
Then,

IGO)|” <

2
s? 16
1-= (2c0’ e—l)+(cose—1)[§52 +m(cose+l)(q72 +q2)+m(q,l +q1)”

{ %(—4sin2 0+16sin e)} 2

16 y7, V%
For K=| —s*+—F——— 6+1 _— .
[3 R TR LA )(q2+q2)+24r(4_a)<q1+q1>J
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It follows

2

2 2
|G((9)|2 < {1— %(ZCOSZ 0—1) + (cos6 —1)K} - [% (—4sin® 0 +16sin 9)}

2Ks®

2 2 4
s[l—%(Zcosz6—1)+(cose—1)K} :1+%(200326—1)— (cos0—1)(2cos’ 6 -1).

Note that
[Z(—l)mqwqo}so
m=3
Then
K= Esz+—(cose+1)(q +q,)+ L(q +q,) |<
3 12I'(4 - o) 2O Ar(4—a) YT
16
- 1 -
3+6F(4_ )[Z( )qm+qo}<
And

2Ks

4
|G(6))|2 <1+ %(2 cos’0—1) — (cos® —1)(2cos® 6 —1).

We know that|G(6?)| < 1is stability condition; therefore, it is necessary that

2KS

(cos0—1)(2cos’ 6 -1) >—(2cos 0-1).
1
Therefore, for K < ETL we have|G(9)|2 <1, forallf .

5. Convergence Analysis

In this section we analyze the convergence of the numerical method using the framework of consistency
and stability. We have the global error given by e" =u"-U", where u" and U"are respectively exact
and approximate solutions. The truncation error at each discrete point X i is given by

En _ U;Hl_u? +X—U?+2 +8UT+1 8U?_1+U?_2 _
]
At 6 At
Viat-Uj, +16U}, -30U] +16U},-U}, D,
6 hz 2AX® B
n 2
(5_“} LAt 5_;* ot )+v(a“j L O(AXY) -
a) 2 ox),

viat( o'
6 | ax?

] +0(Ax*) - D(Vyu)] +0(AXY).
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Therefore,

L (oY ) ouY' w VAt(uY . . .
E'=| — | +O(At)+V| — | +0(AX") - — | +O(AX)=D(Viu)! + O(AX™).
[&j (t) (axj () G[axzj (&%)~ D(VEu)" +O(ax’)

6. Numerical Experiments

In this section we consider examples that are solved by our presented method in previous sections. In
order to illustrate the accuracy of the method, we used the error norm L, which is defined as follows

Ly = maxj U(xj,t)—u(xj,t )|-
And we compare our results with the results in [10].

Example 1. We assume f=1 in Eq. (3), that is, we have the equation

ou(x,t) v ou(x,t)
e

+DVPu(x,t) + p(x,t). (38)

In the domain0<x<1, we assume the problem has initial condition U(X,0)=X4and boundary

-t I'5-a)
24

conditions U(0,t)=0,u(Lt)=e ", Let V=02 D= And p(x,t):e_tx3(4v _x-xk ).

The exact solution is given by u( x,t ) = e tx4.

20 .

15

Fig. 1. Shows the exact solution of Eq. (38) when f=1.
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Fig. 2. Comparison of the exact and numerical solution with a =1.2,8=1.

Table 1. The computational results for example 1 by our method and method in [10] and [3].

a=12 a=14 a=16 a=2
Our method Lo 0.2376 x 1077 0.17609x 1077 0.2151x 107" 0.16705x 10~
Ax=0.1
Ax=0.01 Lo 0.2256 x 107° 0.1741x 107° 0.2004 x 10°° 0.1079x 10°°
Method in [10] L, 0.4603 x 107 0.3208 x 102 0.4453x 107 0.1239 x 102
Ax=0.1
Ax=0.01 Lo 0.5667 x 10~ 0.4444 x 10~ 0.4864 x 10~ 0.1095 x 10~
Method in [3] Lo 0.5512x 10°° 0.3209x 10°° 0.1729x 10°° 0.1782x 107
Ax=0.1 0.7412 x10°°
Ax=0.01 Lo 0.1920 x 1077 0.6724 x 1077 0.4132x 107

Table 1 shows the errors of our proposed method with values of h at different final times usingL, .

Numerical results of this table confirm that the method has fourth-order of accuracy in temporal and
spatial components, respectively. Comparison of this method to other methods, [10] and [3], confirms
the efficiency and high accuracy of our proposed method.

The second example considers Eq. (3) for 5 =0, that is, we have the equation

u(x.t) _ \, ouxt) Eiaau(x, B, Q"u(xt)

ot x 2 ' X" ]+p(x’t)' (59)

Example 2. The second example considers Eq. (3) for 8 =0, that is, we have the equation
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J+p(x,t).

ou(x,t) v ou(x,t) +2 o*u(x,t) N o*u(x,t)
at ox 2| oxe A(—x)*

In the domain0 < X< 2. We assume the initial condition is U(X,0) =4x*(2—X)? and the boundary
conditions are u(0,t) =0,u(2,t) =0.

d

Let V =0.05 Dzy an

p(x,t) =46 L (—x2(2—X)2 +AVX( X2 —3x+2)— X2 A(x,a ) —(2—X )2~ ¥ B( x,@)).
Where

A(X, o) = 20(a —1) — 60.(2 — X) + 6(2 — X)?
B(x, o) = 20.(ot —1) — 6aix + 6xX>.

The exact solution is given by u(x,t):4e_tx2(2—x)2.

Fig. 3. Shows the numerical approximation of Eq. (39) when S =0.
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Fig. 4. Comparison of the exact and numerical solution with f=0,4x=0.1.

Table 2. The computational results for example 2.

a=12 a=14 a=16 o=2
Our method  Ax=0.1 Lo 0.7823x10°  0.1240x10°° 0.1782x10°  0.4512x10°
Ax=0.01 Lo 0.2361x10°  0.1421x10°® 0.2344x10°  0.1761x10°®
Method [6]  Ax=0.1 Lo 0.3216 x10°  0.14213x10°  0.1214x10°  0.2325x10°°
Ax=0.01 Lo 0.7451x10°  0.4617 x10° 0.1238x10°  0.2113x10°°

According to Table 2 the results indicate that our supposed scheme has a high accuracy and shows that
errors are very small. our method is conditionally stable, consistent and convergent, which is fourth-
order accurate with respect to the space step and second — order accurate to the time step.

Therefore, our method is more convenient than the [6], which is second order accurate with respect to
the space step.

7. Conclusion

In this work, we have applied a high order finite difference method for the fractional advection-diffusion
equation. Furthermore, we proved that this scheme is stable and convergent. Numerical results of the
above tables confirm that the method has fourth-order of accuracy in temporal and spatial components,
and the errors are very small. This scheme is an accurate and efficient approach for the solution of such
types of nonlinear partial differential equations, we suggest to use this method for solving nonlinear
equations [6] and [11]. We also see that the method presented produces very good results compared
with the second order and fourth order methods proposed in [10] and [3]. Comparison of this method
to other methods confirms the efficiency and high accuracy of our proposed method.
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